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Let {X,:t>0} denote random walk in the random waiting time model, ie.,
simple random walk with jump rate w='(X,), where {w(x): xe 2%} is an iid.
random field. We show that (under some mild conditions) the intermediate
scattering function F(q,1)=E,e"™ (qeR?) is completely monotonic in ¢
(E, denotes double expectation w.r.t. walk and field). We also show that the
dynamic structure factor S(q.w)=2j3° cos(wt) F(q, t)dt exists for w#0
and is strictly positive. In d=1,2 it diverges as 1/|w|'?, resp. —In(|w|). in
the limit w— 0; in 423 its limit value is strictly larger than expected from
hydrodynamics. This and further results support the conclusion that the
hydrodynamic region is limited to small ¢ and small w such that |o|> D |q|°,
where D is the diffusion constant.

KEY WORDS: Random walk in random environment; dynamic structure
factor; hydrodynamic limit; long-time tail.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

An important quantity in the study of liquids is the (self-part of the)
dynamic structure factor S(q, w).'" This quantity monitors the motion of a
tracer particle in the liquid. In good approximation the particle performs
Brownian motion with diffusion constant D,® which implies

S(q, w) = Sy(q, w) (1.1)
with
2DFy(q)
So(q,w)=Wo(q;’% (1.2)
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where Fy(q) equals |g|%/2d for Brownian motion. Measurements of S(g, ®)
by means of neutron scattering on liquids®’ show that (1.1) is verified
within 10% accuracy. The small discrepancies can be understood because
one expects that, as ¢ — 0 and w — 0,

S(g, w) ~ z{w) Solg, w) (1.3)

where z(w) is proportional to the Fourier transform of the velocity
autocorrelation function (VACF) (see ref. 4, Chapter 11). The long-time tail
(LTT) in the VACEF, if present, produces a nonanalyticity in z(w) at
w=0.® The region of validity of (1.3) is called the hydrodynamic region.
Montfrooij and de Schepper'® have argued that (1.3) is in fact a good
approximation if and only if |w| is small but not too small, namely

2D |g1* < |w| <1 (1.4a)
The region where
|w| <2D |q|* <1 (1.4b)

then corresponds to the static limit. The difference between results in the
static limit and in the hydrodynamic limit is investigated in the present
paper. The distinction between them is of experimental relevance and leads
to the paradoxical statement that measurements on a too slow time scale
deviate from hydrodynamics.

A LTT can also occur in models of random walk in random environ-
ment (RWRE), though in a less pronounced way (a ¢~ **-decay in time ¢
instead of the r~*?-decay observed in liquids). In the model studied here
there is no LTT correction to diffusion. As a consequence the function z(w)
in (1.3) is identically one. Still, the correction to (1.3) for finite ¢ and w is
such that the results in the static and in the hydrodynamic limits disagree
(see Theorems 2 and 3 below). In fact, in d=1,2 the correction term
diverges in the static limit, while in d>3 it converges to a nonvanishing
constant.

1.1. Model

In the present paper we continue our study of the random waiting
time model.™® Let

w={w(x): xe 2} (1.5)
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be a collection of random variables taking values in (0, c0) according to an
iid. distribution u satisfying

jw-'(om(dw)< 0 (1.6a)
sz(O),u(dw) <o (1.6b)

Given w, let X={X,:1>0} be simple random walk with jump rate
w~!(X,). Then the random waiting time model is defined as the combined
process (X, w). This is an example of RWRE.

Let M and V? denote mean and variance of w(0) under u:

M=fw(0),u(dw) (1.7a)

V2=f [w(0) — M2 u(dw) (1.7b)

Let u, denote the probability measure defined by

w(0)

#o(dW)=7#(dW) (1.8)

Then u, is stationary for the environment process associated with
{X,:1>0} (starting at X,=0)."* Let E and E, denote double expectation
wrt {X,;:t>0} and w.r.t. w distributed according to u, resp. y,.

Given the configuration w, let p(x, y) denote the probability that the
walk moves from x to y in time s It is easy to show that the detailed
balance condition holds:

w(0) py(0, x)=w(x) py(x,0), >0, xezZ’ (1.9)

1.2. Definitions

For more background on the following definitions the reader is
referred to refs. 9—11. The intermediate scattering function F(q, t) is given by

Flq, t) = Ege™™, geR? (1.10)
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The dynamic scattering function, also called the dynamic structure factor, is
given by

S(q, a))=2j:o cos(wt) F(q, t) dt, weR, geR? (1.11)

whenever the integral converges. The form factor F, is given by

Foq)= Y p(0,x)}(1—e"), qeR?

xezd

28 . Lq
_32 sin” = (1.12)

i=1

Here, p(x, y) denotes the transition kernel of simple random walk, ie.,
p(x, y)=1/2d if [x —y| =1 and zero otherwise.

1.3. Results

Throughout the paper we assume that there exists @ >0 such that
u(w(0)>a)=1. This is a technical condition which will be needed in the
proofs. We have three theorems.

Our first result reads:

Theorem 1. F(q, 1) is completely monotonic in ¢, for every ¢.

Theorem 1 implies that there exists a representation of F{q, t) as the
Laplace transform of a positive measure. More precisely, by Bernstein’s
theorem (see ref. 12, Theorem 12a, Section IV.12) there exists a non-
decreasing right-continuous function a, such that for all >0

Flg, z)=f e~ da (1) (1.13)

Incidentally, in the physics literature the existence of this representa-
tion is always assumed when discussing real-time correlation functions, e.g,
in dynamic light scattering experiments. Often the approximation F(g, t) ~
exp(—D |q|? t/2d) is used, with D the diffusion constant. Now. for the
continuous-time simple random walk with mean exponential waiting time
D~ one has

F(g, t)=e~ P01 (1.14)

which is obviously completely monotonic in t. However, for the discrete-
time simple random walk one has Ee®*"=[1— F(q)]", which is not a
positive function. Therefore Theorem 1 is not a trivial property. In fact,
it is essential in the proof of theorems 2 and 3 below.
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From (1.11) and (1.13) it follows that S(g, w) exists for w %0 and has
the often-used representation

S(q, w)—J’ ;3 — da,(4) (1.15)

In particular, there follows
lw'| = 0] = S(g, w) > S(q, @) 2 (/') S(g, ) (1.16)

which implies continuity of w — S(g, ) for w #0.
As a consequence of Theorem 1, the behavior of

=5} e _ o 1
jo e F(q,t)a’t—L TRl (1.17)

as z—>0in {ze C: Im z>0} depends on the asymptotics of a (1) as 1 -0,
which can be derived from the behavior of (1.17) as z— 0 along the
imaginary axis. This important fact is used to prove our second result,
which concerns S{q, @) in the static region.

Theorem 2. Let G(z) denote the Green’s function of simple ran-
dom walk on Z9 ie, G(z)=Y,502"Pa(0,0) with p,(x, y) the probability
that the walk moves from x to y in n steps. Then for every ¢ such that
Fo(g) #0

lim F(q,t)=0 (1.18a)

and
S( )=2R —1— i 1 (w®)]G ! } 1.18b
q, W)= e{ “TFy(q) + i M[ +o{w®)] ( +1Ma)) (1.18b)

asw—01n R.

Incidentally, one cannot expect an easy proof of (1.18a), because
F(q, 1) decays algebraically in ¢ due to the presence of the LTT. An easy
inequality which follows from Theorem 1 (and which will be proved at the
end of Section 2) is

F(g, t) > e~ PRl (1.19)
Since for z -0 in {ze C: Re >0}
— d=1: G(1 —z)~(1/22)'7
d=2: G(l—z)~ —(1l/m)Inz
dz3: G(1 —z)~G(1)
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there follows from (1.18b) as w — 0
2

. |14 I 12
d=1: S(q, w)= M(MI |)1/2+o(lwl ) (1.20a)

2

d=2: S(g, w)= —2£lln(M|w|)+o(ln(|w|)) (1.20b)
M=

1

d=3: S(q,a))=2|:m

EGI (® 1.20
+M():|+ow) (1.20c)

Our third and final result concerns S(g, @) in the hydrodynamic
region. Using the central limit theorem of refs. 13 and 14, one can show
that the rescaled random walk

(eXe-2)iz0 (121)

as ¢ — 0 converges weakly in path space to Brownian motion with diffusion
constant D =M ~! This implies that

£2S(eq, £*w) = Sp(q, w) + o(°) (122)

with S(g, w) given by (1.2). The latter result can be sharpened to:
Theorem 3. Asg—0
S(g, @) ~ So(q, w) (1.23)
uniformly inside the region
aDFy(q)? < |w| (1.24)
forany a>0and 0<f< L.

The condition o>0 is necessary as is evident from Theorem 2.
Equation (1.22) is implied by Theorem 3 because of (1.16).

2. PROOF OF THEOREM 1 and (1.19)

We start with two preparatory sections, Sections 2.1 and 2.2, in which
we use some Hilbert space techniques. In Sections 2.3 and 2.4 we prove
Theorem 1 and (1.19).

2.1. Hilbert Space Decomposition
Let us denote by p, the function
pi(x, w)— pr(0, x) (2.1)
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and by 2 the linear space spanned by the set {p,:1>0}. It is natural to
consider the inner product (-, -) on 2 defined by

(/; )= [ uo(dw) T f(x, w) g% ) (22)

and to construct a Hilbert space s by completion of 2 wurt. (.,-).
However, in what follows we need an integral decomposition of # into
wavevector-dependent Hilbert spaces .

Introduce the (degenerate) sesquilinear form (-, -), defined by

(f; 8)g= | koldw) T e==2f(x, w) g3, W) (23)
Let 5, denote the Hilbert space obtained by dividing out the null space A4
of (-, -), and completing 2/A4,, w.rt. (-,-),.
Lemma 2.1. Foralls >0
(P:, pr)q=[E0eiqxs+l (24)
Proof. One has (recall (1.8))

!Eoeiqx,u — f'uo(dw) Z eiqxp;V+ ,(O, X)

1 .
== [ W@ WO T &= T pr(0. ) p(rx)  (25)

Using detailed balance (1.9), one obtains

B = [ u(dw) e Swiy) pr. 0 Y x)  (26)

y

Using translation invariance of u, together with the observation that
Py, 0)=pJ(0, —y) and p;=*(y, x)=p;(0, x — y), one gets

; 1 ‘
Eoe ™ = [ uldw) w(0) T e*(0, =) pI(0, x~y)

x, ¥

= [ Koldw) T ei#==p2(0, x) p1(0, )
X,y

=(p, Ps)g=(Ps, P))y; W (2.7)

An immediate consequence of (2.4) is that E,e“*'=(p,,, p,p2), is
nonnegative. The following lemma allows us to relate results for Eye®*
and Ee"™,
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Lemma 2.2. Forall =0
d igX, -1 —igX,
alEoe"’ '= —M7~'Fy(q) Ee—'7% (2.8)
Proof. The function p, satisfies the equation
O pr0,x)= ¥ —— p(0, ) ply, x)—5,.] (29)
atp' ’x_yw(y)Pl ’y py, ».x .

Let E,, denote expectation w.r.t. the random walk in the fixed environ-
ment w. Using (2.9), one calculates (recall (1.12))

0 0 .
il igx, _ = igx . w
1 lee a[?e P, (09 x)
. 1
=2 e Y ——p(0, ) p(y, x)=9,.]
S Swy) >
= —F eiqy v 0’
o(‘])? W(y)pl( y)
= —Fla) By €07 (2.10)

Integrating (2.10) over u,, using detailed balance (1.9) and using the
translation invariance of u, one gets (2.8). H

Lemma 2.3. Forn>1

n

< —nyn—1 .
" Fo(g)a™"2 (2.11)

(P> Po)g
=0

where a is the constant such that y(w(0)=>a)=1.

Proof. Using (2.4) and (2.9), one calculates

3 (p,, Do)y =

o
- ar |,

_Judan T e pro,x)

= (—1)" Folq) | #oldw)

e S g
w(x,) " w(x,) 0 w(0)

(2.12)

))

Xl vy X m |
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where 4, , =4, ,—p(x, y). This implies (2.11) because of u(w(0)=a)=1
and 3, |4, <2 forally. W

2.2. A Contracting Semigroup

We show now that a contracting semigroup {S(¢): £ >0} is defined by
Styp,=p,.vr, t,t'20. We do not know how to show this in a direct
manner and so we proceed as follows.

Proposition 2.4. There exists a self-adjoint operator L on I,
satisfying:

(1) 2 <Dom(L).

(i) (9/0s)(ps, p)g=(Lp,, p,), for all 5,1>0.
(ili) p,=e"p, for all 1= 0.

Proof. (i), (i1)) Let E, be as before. From (2.3) it follows that

5] d A .
55 (Pos Py =5 | Holdw) B, (e E e 10%) (213)

Via (2.10), this becomes

7} ) )
—(P:,P,)q=—Fo(q)fﬂo(dw) E, €% E (e (2.14)
Os

w(X;)

By Schwarz’s inequality therefore

d
% (ps, Z lip,,)q

< Fylq)? [f,”o(dw} )Ew <w(]X ) eiqx’>
]

<&wV04<ZmeZLpJ (2.15)
i i q

2

]

x ,:J-/to(dw) ‘Z A, (e~ 9%u)

where again a is the constant such that u(w(0)>a)=1. Hence the linear
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map Y,;4;p,— (8/0s)p,, 2;A;p,) is continuous. Therefore, by Riesz’s
theorem, there exists a function #, in J#, such that

d
a—s(ps,p,)q=(m,p.)q for all s,¢>0 (2.16)

Which clearly satisfies |||, < Fo(g)a™".

From Lemma 2.1 it follows that (#,, p,),=(p,,n.), for all s5,1>0.
Hence ¥, 4,p,=0 implies 3, 4,7, =0 for any finite linear combination.
Therefore the map L defined by Lp,=n, extends to a symmetric linear
operator with domain 2, and extends further to a self-adjoint operator
on ;.

(ii) From Lemma 2.3 it follows that p, belongs to the analytic
domain of L. Hence

n

G,
(ano, pt)q=_ (pxs pl)q for all n>0 (217)

n
as s=0

This implies e“p,=p,. W

2.3. Proof of Theorem 1

From Lemma 2.1, Proposition 2.4 and spectral theory it follows that
there exists a nondecreasing right-continuous function a, on R such that

F(g, 1) =Eq(e"*) = (e"po, Po)y= L} e~ do (1) (2.18)

Because the Lhs. of the above expression is obviously bounded as ¢ — oo,
the support of «, is a subset of R*. Hence (2.18) is completely monotonic
int. A

2.4. Proof of (1.19)

The proof runs via two more lemmas.
Lemma 2.5. - Ee'*/F(q, t) is nonincreasing. Hence

Ee"X < Fg, 1) (2.19)
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Proof. t— F(q, t) is completely monotonic on [0, c0) and hence log-
convex. This implies

0? 0 [EeX

0< 5 In(Flg, 1) = ~DFy(4) 5, 5 (220)

where we use (2.8) with M ~' =D and note that Ee ~* = Ee®*. W
Lemma 2.6. - eP™9!F(q, t) is nondecreasing.

Proof. Lett>1,20. From (1.13) there follows by Jensen’s inequality

F(q, n)/F(q, t,) = exp [—(z —1,) fow Je= da (1)/F(q, zo)]

1%
=¢exXp I:(l_to)gF(q, 10)/Flq, to):l (2.21)
0

By (2.8) and (2.19) this becomes
Flq, 1)/F(q, to) 2 exp[ —(t — ;) DFy(q) Ee'"*o/F(q, t,)]
zexp[ —(t—1o) DFy(q)] W (2.22)

Lemma 2.6 implies (1.19).

3. PROOF OF THEOREM 2

In this section we make an expansion of the Laplace transform of
Ee?* for small A and fixed ¢. The main result is given in Proposition 3.3
below and leads immediately to the proof of Theorem 2.

3.1. Two Preparatory Lemmas

First, we rewrite the Laplace transform in terms of quantities which
depend only on the underlying simple random walk. Let E, denote expec-
tation w.r.t. to the discrete-time simple random walk Y=(Y,),, starting
at Y, =0. Denote the local time of Y at site x after k steps by

k
Ln k=Y 1you (3.1)
n=0
Lemma 3.1. For Re >0

jme“’d[Ee"’""= Y [Eyl:(e"’y"+‘—e"’"")]—[I(/l,l,,(x,k)):l (3.2)

Y k20
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with
10 =J,u(dw)[l +w(0)] (3.3)

Proof. Condition on the environment w and on the embedded walk
Y (which is the discrete-time skeleton of our continuous-time RWRE X).
Let 7, =0 and let T, denote the time of the kth step, k =1, 2,.... The prob-
ability that T, < equals the probability that the sum of k independent
exponential waiting times with averages w(Y,), w(Y,),.,w(Y,_,) is
smaller than or equal to r. Hence we obtain

k—1 1

J, e apuTi<iin=T] Ty k=D 64

m=0

Combining this with the identity

IP“,(X,=x)= Z EY(ﬂ{Yk=.v}pw(Tk<t<Tk+l ' Y)) (35)

kz0

we obtain, after a straightforward calculation,

j.m e—).l d[Ewein,=z eiqx va e——il dlp“.(X,=X)
0 ~ 0

A : , 1
_ iqYi s _ piqYk s 36
kgoEy[(e ¢ )ml—=lo 1+ 2w Y"')] 30
Now note that
k 1 Iytx.k)
S 1 + Aw(x)] ~rixk (3.7)
,,,Elo 1 4+w(Y,,) n [ ]

Hence, by averaging (3.6) over w and using the iid. property of
{w(x): xe Z‘} we obtain (3.2). W

Second, we formulate a large-deviation estimate.

Lemma 3.2. For any d (0, 1) there exist positive constants L and
K such that for all k=0

P(sup I y(x, k) 2 k' +972) g Le X" (3.8)

Proof. Seeref. 8, Lemmal. B
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3.2. Asymptotic Expansion
The basic result of the present section is the following.

Proposition 3.3. For 1]0 along the reals
J e~ dE e
4]

Fy(q) V2221 +0(1%)] 1
Fo(q)+,1M|:l+ Folq) + M G<I+AM>} (39)

Proof. The proof consists of three steps.

Step 1. Pick a>1 and split the sum appearing in (3.2) into two
parts:

LA™ =<

Y=Y+ ¥ (3.10)

k=20 k=0 k=LA"%])+1

The second sum in (3.10) goes to zero as 4]0 faster than any poly-
nomial. To see why, substitute the estimate [recall that u(w(0)>a)=1]

1A, D <(1+2a)~! (3.11)
and the identity
Y ly(x, ky=k+1 (3.12)

into (3.2) to get the upper bound

o 1
2 —_— =
Z (1+Aa)k+'

k= A" %J+1

Ole™*'%) (3.13)

To prepare for the computation of the first sum in (3.10), pick
fe(1/2,1) and let

Vi={suply(x, k)< i~} (3.14)
Lemma 3.2 with (1 +)/2 = f implies that
P(( N Vif) >=|P( Vi) <Lexp(—K[LA7*J*# ") (315)

Ogshkga™]

Hence, neglecting a term which as 4 | 0 tends to zero faster than any poly-
nomial, we may insert the indicator 1, under the expectation E, in the
first sum in (3.10).
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Step 2. The standard estimate for Taylor expansion up to second
order gives [recall (1.7)]

IO, =1+ 2M) =" {14+ LV222001+ 1) + o((1)?)} (3.16)

Assume that aff < 1. Then we obtain on the event ¥}
I L (x, k) = (14 AM) =R L 4 31220 (x, k) y(x, k) + 1] + 0(A%)}
=(1 +);M)_1Hx'k)
xexp { LV (x k) 1y (x, k) + 1101 +0(2%1}  (3.17)
where the 0(A°) term tends to zero uniformly in ke [0, A7*]] and x as

A—0. Next assume that 2 —a —af > 0. Then, via (3.12) and conditioned
on the event V} (recall that k <[ A7*]),

HI(A" IY(x’ k))
=(l+AM) % Texp {% VI +0(A)] Y Ly(x, k) y(x, k) + l]}

= (14 AM)—+~" {1 F AV 4020 T (x, k) y(x, k) + 1]}
) (3.18)

Note that the factor [1 +0(4°)] can be brought in front of the sum over
x because it is uniform in x.

Substituting (3.18) into (3.2), we arrive at the following intermediate
result:

F e dE €% = A,(1)+ 1 V22[1 +0(1°)] 4,(A) (3.19)
0

with
Al()‘-): Z (1 +)..M)‘k_l Ey(ei‘lyk+|_equk)
k=0

AfA)= 3 (14+AM)~* =" B,(A) (3.20)

k=0

B.(})=E, l:(e"’y"*‘ — ") Y 1y (x, )y (x, k) + 1]]
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Step 3. It remains to work out (3.20). Using that (recall (1.12))
Eye P =[1—Foq)]* (3.21)
the 4,-term can be evaluated explicitly. The result is

Folq)

A4(4) = T Folg)+ M

(3.22)

The calculation of the A,-term is less obvious. By means of the identity

Zly(xk[ly(,\ K)+11=2% Y Vyogliv-g  (323)

x 0<ig<jgk

the B, -terms can be written as
=2Z Z [Ey[(eiqyk'“—eiqyk)ﬂ{y’=_‘~;1](yl=_‘.;]

x 0<i< <k

=23 3 Ey(eMri—eM0) p (0, x) p;_ (X, X) (3.24)

x 0<i< <k

where [} denotes expectation w.rt. Y starting at Y,=x and p,(x, y)
denotes the probability that ¥ moves from x to y in k steps. Because

IExyequk= [Eyeiq( Yi+X) — pigx[ Yeilek (3.25)
it follows via (3.21) that

B (l)=2 Z IEy(ei’lYLwlv/ eV -nN E e"’y'pj ;(0,0)

O<i<jsk
2 Z {[1—Fo(‘])]kJrl‘j’[l‘Fo(q)]k_j}
0<i<j<k

x[1=Fylq ]ipj (0,0)

it

k—i

—2Fy(q) Z Y [1—Fyq)1*~/ p;(0,0) (3.26)

i=0j=0

Next, define the truncated Green’s function
Gi(z)= Y =/p;(0,0) (3.27)
Then

-Z ~')—Z Z =*~/p,;(0, 0) (3.28)
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and hence, combining (3.20) and (3.26), we arrive at

10(‘}) 1 10(4)>k+' « -1
1} = — E G([1—1F
Az()) 2 1 FO( )kio( 1 M = l([ O(q)] )

., Folg) 1+ iM
1~ Folq) Folg) +AM

_ i+ 1
XZ(—I F"(‘”) GA[1—Fo(@)1™"

o\ 1+IM
., Folg)(1+4iM) ( 1 >
= [Folg)+ AM]? G 1+ M (3.29)

In the last line appears G(z)=G (=), the Green’s function of simple
random walk. Putting (3.19), (3.22), and (3.29) together, we get (3.9). &

3.3. Proof of Theorem 2
Assume Fy(q)#0. From (1.10), (2.8) and (3.9) it follows that

f: e~ H dF(g, 1)

= —M—‘Fo(q)f e~ MEe ™ dt

x
0

—M~'27Fo(q) [l +J: e " dE e"’x’:l

—Fo(q) y? < )
=— S0 T A[1+0(A° .
Fog)+am T g LM HOON G (07 (330)
This implies
lim | e *dF(q, t)= -1 (3.31)

Al0 Yp

and hence lim, . ., F(q, t)=0 (note that F(g, 0)=1 and recall Theorem [),
which proves the first part of the theorem.
Recalling (1.13), we see that (3.30) becomes

= - r 0
) T4 S =y g T e )]G<1+M,1> (332)

In 423 the r.hs. of (3.32) converges as 1| 0. Hence, because the Lh.s. is an
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absolutely convergent Laplace transform, we have (see ref 15, Satz?2,
p. 157)

EO | 1 I/2
im (L = 4+-—G(l1), Reix0 (333
lim |, a5 ) = gy g O Re (333)

In particular, using (1.15), we get

|
li =1lim 2 d
J%S(q,w) JIR) Re’[0 pra o, (5)
2 p?
+2—G(1) (3.34)

CMTFg) T M
which is (1.20c).
In d=1 the r.hs. of (3.32) diverges like V?/M(2M2)'? as 4|0 and the
Tauberian theorem for Stieltjes transforms (ref. 12, Chapter V, Theorem 7)
can be applied. One obtains

2 V2 —-1.1/2
aq(s)~;ﬁ(2M s) as s|0 (3.35)
From (1.15) we have
Stgw)=[ dxe= [ 2= dafs) (3.36)
0 0

Inserting (3.35) and applying twice the Abelian theorem for Laplace trans-
forms, one obtains (1.20a).
In d=2 expression (3.32) reads

o ] y? v 1
L T dal$) = =57 [140(%)] ~ In(A) (337)
Taking the derivative of (3.37) w.r.t. 4 is allowed because
o A
-| ———d
-[0 (A +5)? B, (5)

asymptotically is a nonincreasing function which converges to a constant
as 4/0. By an Abelian argument this constant then necessarily equals
VZ/nM. By ref. 12, Chapter V, Theorem 7, it then follows that

V2s

otq(s)~ﬁ; as le (338)

Proceeding as in d =1, one obtains

d 2 p?
i ~ o 0 3.39
de(q,w) —— as w)l (3.39)

The latter implies (1.20b).
Egs. (1.20a—c) prove the second part of the theorem. W

822/76/5-6-13
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4. PROOF OF THEOREM 3

Theorem 3 1s in fact an easy consequence of Theorem 1. We need a
preparatory lemma.

Lemma 4.1. u(w(0)>=a)=1 implies

< Fla)

2a |w|

(4.1)

JK cos(ws) dE e ™
1]

Proof. By Lemma 2.2 and Theorem 1, Ee*" is completely monotonic
[recall (1.10)]. Hence, if w #0, then

<

oc ) n/2 |w) .
J cos(ws) dE "% J cos{ws) dE 9%
0 V]

<1-— Ee/?¥X 2wl (4.2)

On the other hand, from (2.10) it follows that

iqX,

o _ .
- al‘Ee"”‘"=Fo(q)lE e

w(X,)
<a~'Fylq) (4.3)

Moreover, by convexity of r — e“* it follows that
igX, a iq X,
EetX 21+t — Ee'a*: (4.4)
=0

Equations (4.3) and (4.4) together give

1 — Ee" ¥ < a ' Fo(q) (43)

2 o]

Equations (4.2) and (4.5) combine to give (4.1). W
Proof of Theorem 3. From (1.10) and (1.11), by doing two partial
integrations and using Lemma 2.2, one obtains

%S(q, w)=w "2DFyq) [1 + Jmo cos(ws) dE e"”‘"] (4.6)
(1]

It follows that (recall (1.2))

S(g, w)
SO(q, CO)

=[1+w~2D*F(q)*] [1 + Jm cos(ws) dE ei"x‘] (4.7)
0
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If w is in the set defined by (1.24), then by Lemma 4.1 one obtains

| S0 | Fo(g)' ™" 2Fyq) "
So(g, w)| o> 2a0D

(4.8)

which tends to zero as g—0. H
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